We revisit a study of local renormalization group (RG) with background gauge fields incorporated using the AdS/CFT correspondence. Starting with a (d + 1)-dimensional bulk gravity coupled to scalars and gauge fields, we derive a local RG equation from a flow equation by working in the Hamilton-Jacobi formulation of the bulk theory. The Gauss's law constraint associated with gauge symmetry plays an important role. RG flows of the background gauge fields are governed by vector β-functions, and some interesting properties of them are known to follow. We give a systematic rederivation of them on the basis of the flow equation. Fixing an ambiguity of local counterterms in such a manner that is natural from the viewpoint of the flow equation, we determine all the coefficients uniquely appearing in the trace of the stress tensor for d = 4. A relation between a choice of schemes and a Virial current is discussed. As a consistency check, these are found to satisfy the integrability conditions of local RG transformations. From these results, we are led to a proof of a holographic c-theorem by finding out a full family of schemes where a trace anomaly coefficient is related with a holographic c-function.
Introduction
Coupling 'constants' are literally regarded as constants in ordinary quantum field theories (QFTs). However, it is an interesting question to ask what happens when they have spacetime dependence. A method called local renormalization group (RG) puts this idea in practice. That is, we lift spacetime independent coupling constants g to spacetime dependent coupling functions g(x) [1, 2] . The coupling functions can be regarded as external fields. Correlation functions are thus obtained by functional derivatives of the generating functional Γ[g(x)] of connected graphs (a.k.a. the Schwinger functional) with respect to g(x). This rule is called the Schwinger's action principle [3] . In the AdS/CFT correspondence [4] , Γ[g(x)] is identified with an on-shell action of a bulk gravity dual with the external fields corresponding to boundary values of bulk fields [5] . Studies of RG flows using the AdS/CFT correspondence have been done extensively so far. In particular, an analysis in this line using a flow equation was first made by de Boer, Verlinde and Verlinde [6] , and then generalized in [7] . For a review, see [8] . In these papers, bulk gravity theories coupled to scalar fields with a generic metric were investigated. It was revealed that the flow equation of a bulk gravity yields a local RG equation of Γ[g(x)] with the Weyl anomalies of the boundary QFT reproduced correctly in this framework. For recent developments in local RG, see also [9, 10, 11, 12] . One of the purposes of this paper is to generalize these results by introducing gauge fields in the bulk side. This is partially motivated by a desire to bring a somewhat mysterious quantity called a vector β-function [1, 2] to light. This characterizes how background gauge fields coupled to currents flow under RG transformations. Some of the properties mentioned above were derived from the Wess-Zumino consistency conditions concerning local RG transformations. A paper [13] found that the AdS/CFT correspondence explains these properties nicely. In this paper, we make a systematic rederivation of these results on the basis of the flow equation. One of the advantages of our analysis throughout this paper is to clarify scheme dependence of the results, that is, how they are affected by a choice of local counterterms. In particular, we point out a close relationship between a choice of schemes and a Virial current.
The organization of the paper is as follows. In section 2, we formulate a (d+1)-dimensional gravity dual model in the Hamilton-Jacobi formalism. We derive the flow equation and give some comments on its general aspects. Some suggested properties of the vector β-functions such as (i) gradient property, (ii) orthogonality, (iii) Higgs-like relation between anomalous dimensions and (iv) the relation between a vanishing vector β-function and nonrenormalization of current operators can be readily confirmed. In section 3, we perform explicit calculations in d = 4. We obtain closed expressions of anomaly coefficients including central charges [14, 15, 16] with an emphasis on a scheme choice we made. We can see the coefficient functions satisfy integrability conditions that come from the Wess-Zumino consistency condition associated with the local RG transformation [1, 2] . For an earlier work in this line, a paper [12] discusses five-dimensional bulk gravity coupled to scalar fields without gauge fields. It is shown there that the anomaly coefficients computed in that model satisfy the Wess-Zumino consistency conditions. As an application of our results, a holographic c-theorem in d = 4 dimensions is proven by finding out a full family of schemes where a monotonically decreasing function under RG flows can be constructed from an anomaly coefficient. This is an extension of a paper [17] . We collect our notations, some useful formulae and lengthy equations in appendices.
Formalism
We start with a bulk action in (d + 1)-dimensions:
Hereγμν denotes a bulk metric. Using ADM decomposition, it becomes
whereĥ µν is an induced metric on a d-dimensional hypersurface Σ d := {X ∈ M d+1 |τ = const.}. We haveγ = − det(γμν),ĥ = − det(ĥ µν ). On each slice, an extrinsic curvature is defined aŝ
andK :=ĥ µνK µν . The hatted quantities mean off-shell without the equations of motion imposed. The covariant derivatives are defined aŝ
Here∇μ denotes a covariant derivative associated with the Levi-Civita connection,Γμ νρ , constructed fromγμν. T a is a generator of the gauge group G. Since we want to recognize φ as real coupling functions, we restrict the symmetry G to a group which has real representations such as SO(N). For details, see Appendix A.
Before proceeding, some comments on earlier works on the AdS/CFT correspondence with bulk gauge fields are in order. This was first investigated by a paper [18] on the basis of holographic renormalization, and since then has been discussed extensively from many perspectives. A systematic algorithm for solving the HJ equations in the cases with Abelian gauge fields and neutral scalar fields coupled is obtained in [19] . Using this algorithm, a paper [20] studies a class of AdS/CMP models that are parametrized with a Lifshitz exponent z. In this section, we aim to give a formalism for analyzing more general systems of bulk gravity coupled with nonAbelian gauge fields and charged scalar fields by extending a flow equation that was first developed in [6] . Many of the results we give below coincide with those found already in the papers quoted above.
Working in a Hamilton formalism with τ regarded as a time direction rewrites the action (2.1) in a first-order form:
Here the canonical momenta conjugate toĥ µν ,φ I andÂ a µ are respectively computed to bê
6)
IJ . As evident,N,λ µ andÂ τ are the auxiliary fields, and their equations of motion yield the first-class constraintŝ
10)
(2.9) and (2.10) are the Hamiltonian and momentum constraints respectively that result from diffeomorphism in the (d + 1)-dimensional bulk spacetime. (2.11) is the Gauss's law constraint due to the gauge symmetry G.
Suppose that we find a solution to the equations of motion ofĥ µν ,Â µ andφ I with the constraints (2.9), (2.10) and (2.11) under a Dirichlet boundary condition at τ = τ 0 :
Here the bulk fields with a bar means on-shell. Substituting the classical solutions into (2.1), we obtain the on-shell action as a functional of the boundary values
Following the standard procedure in the Hamilton-Jacobi formalism, it is verified that the variation of the on-shell action under the boundary values and the location of Σ d is given by
We then obtain the Hamilton-Jacobi equations
(2.14)
Inserting these into the Hamilton constraint (2.9) gives the flow equation
where
Here
∇ µ denotes a covariant derivative associated with the Levi-Civita connection, Γ µ νρ , constructed from the boundary metric h µν .
We show that the momentum constraint and the Gauss's law constraint ensures ddimensional diffeomorphism invariance and gauge invariance of the on-shell action, respectively. First, we note that the Gauss's law constraint (2.11) and the Hamilton-Jacobi equations give
Here,
denote an infinitesimal gauge transformation. Further, the momentum constraint (2.10) and the Hamilton-Jacobi equations lead to
Here, 23) are Lie derivatives with respect to d-dimensional diffeomorphism. Noting that the second term in (2.22) vanishes because of (2.11) implies invariance of the on-shell action under
For the purpose of solving the flow equation (2.16) using systematic derivative expansions, we divide the on-shell action into local and non-local parts:
(2.24)
We next assign an additive number called weight to each ingredient of the action as in a table below. The weight of the gauge field is assigned to be w = 1 because of gauge invariance. 
It is important here that all the local terms are taken to be gauge invariant. We also define
Note that d d x has a weight −d. Inserting (2.24) into the flow equation and then decomposing it depending on weights, we find for w = 0
For w = 2,
In the AdS/CFT correspondence, h µν (x), φ I (x) and A a µ (x) are identified with a background metric, a coupling function associated with an gauge invariant operator O I , and a background gauge potential of G, respectively, in the boundary QFT. Then, we see that (2.34) is equivalent to the local RG equation, which specifies how the coupling functions φ I (x) and A a µ (x) flow under local Weyl transformation [1] . In particular, by rewriting (2.34) as
the scalar β-function associated with a coupling function φ I reads
where ∂ I = ∂/∂φ I . Using (2.32), this can be recast as
with
We now show that W, L IJ and V can be expressed in terms of Φ and M IJ . From (2.30) and (2.32), we obtain
Next, using (2.32), (2.31) becomes
Here, Γ I JK is the Levi-Civita connection with respect to M IJ , and D I is a covariant derivative defined with the connection. For a consistency check of (2.41), we rewrite (2.32) as
Using (2.40) and (2.41), the RHS takes the form 
Vacuum expectation value of the stress tensor in the presence of the background fields h, φ and A is defined by
It follows from (2.35) that the trace of the stress tensor becomes
As explained in [7, 21] , the flow equation cannot determine S loc;0 uniquely, reflecting an ambiguity of adding local counterterms to Γ.
In a computation of the Weyl anomaly, S loc;0 is manifested as a degree of freedom of adding a total derivative [21] . To see this, we note that under an infinitesimal Weyl transformation, S loc;0 transforms as
because S loc;0 is invariant under global scale transformations. Thus,
From this relation, we obtain
Hence, the Weyl anomaly, which is defined as
contains a total derivative that comes from S loc;0 . It is important to note that in the AdS/CFT correspondence, J µ d is the only origin of the Virial current, which might spoil conformal symmetry of scale invariant field theories. For an excellent review on relations between scale and conformal symmetry, see [22] . As an operator, J µ d is proportional to an identity operator, and therefore gives no obstacle to having CFTs. This is natural because we are working on QFTs with gravity duals. Effects of the Virial current here are only manifested as ambiguities of local counterterms addded to Γ. For the moment, we work in the scheme S loc;0 = 0 because this is simple and natural in the flow equation. For a discussion on how S loc;0 affects the coefficients in T µ µ , see [23] . Another choice of the scheme will be discussed below for the purpose of studying a holographic c-theorem.
An analysis of the Gauss's law constraint is straightforward. With the HJ equations, (2.11) can be regarded as a constraint on the on-shell action:
Inserting (2.24) into this, we see that the local terms give no contribution because they are gauge invariant by definition. Then, (2.52) reduces to
Because the vev's of the gauge invariant operators and currents in the presence of the background fields are given by
we obtain an operator identity
We now give some comments on properties of the vector β-function that hold for ddimensional QFTs with gravity duals. These were first obtained in [13] , and the rest of this section may be regarded as a review of part of that paper. First, we have already observed that (2.38) exhibits the gradient property. Second, an orthogonal relation between scalar and vector β-functions is easy to verify in the AdS/CFT correspondence thanks to the gauge invariance (2.44):
In addition, anomalous dimensions receive non-trivial contributions from operator mixing: differentiating the local RG equation 
respectively. Here we employ the operator identity (2.55). It then follows
These expressions exhibit the suggested Higgs-like relation manifestly. Finally, the equivalence β
can also be shown. Recalling (2.55), ⇐ is obviously true because the conservation of the current implies (T a φ) I = 0. On the other hand, if β a µ = 0, we have two possibilities: (i) (T a φ) I = 0 and (ii) ∇ µ φ I = 0 because we are assuming M IJ to be invertible (and d = 1). In case of (i), we have the current conservation via the operator identity (2.55). In case of (ii), since φ I does not belong to a singlet, we must have φ I = const. = 0, and this again results in the current conservation.
Explicit calculations in four dimensions
For d = 4, the equation (2.33) should not be imposed, and for w = 4 the flow equation (2.15) yields the local RG equation (2.35) instead. Using the formulae given in appendix B together with (2.47), we arrive at the explicit expression of the trace of the stress tensor:
Now we compare these results with those in [2] , where a generic form of T µ µ is given in accord with symmetry constraints. For details, see Appendix C. (C.3), (C.4), (C.5) and (C.6) are easily solved as
2)
Using (3.3), (C.7) yields
From (C.8), (C.9) and (C.10), we find
5)
(C.12) and (C.13) give 8) from which (C.11) leads to
The rest of the equations given in Appendix C requires hard work to solve. However, since there are six equations left and six coefficient functions to be determined, viz. B IJK , T IJK , C IJKL , β f , Q I and P IJ , thus it is expected that there is a solution.
It is argued in [2] that the quantities appearing in T µ µ must satisfy integrability conditions, that is, Wess-Zumino consistency conditions associated with local RG transformations:
As discussed before, the AdS/CFT correspondence always gives us trivial Virial currents. Then, no nontrivial modification of the scalar and vector β-functions arises that is necessary for gauge invariance of the β functions. Therefore, we can show that a number of integrability conditions derived in [2] still hold on their own. We also obtain additional integrability conditions concerned with the external gauge field. To list some of the integrability conditions that play an important role in this paper, we have
Here L β denotes a Lie derivative associated with the vector β I , which acts on W I as
14)
The coefficients given in (3.2)-(3.9) should satisfy all the integrability conditions, because the flow equation is formulated on the basis that the effective action Γ does exist once a bulk gravity model is given. In fact, a straightforward computation shows that (3.12) holds indeed. Furthermore, (3.13) is nothing but the orthogonality condition (2.56), which is already verified from the gauge invariance of Φ. We end this paper by making some comments on the c-theorem of RG flows in higher dimensions and a holographic c-function. As shown by Jack and Osborn in [2] , (3.12) can be rewritten as 17) which leaves (3.15) unchanged. Here, we show that an appropriate choice of g IJ mapsÃ to a holographic c-function. Relations between a holographic c-function andÃ were first studied in [17] . Our aim in this paper is to make a full identification of schemes where a holographic c-function is related directly with an trace anomaly coefficient. As discussed in [24, 25] , a holographic c-function for d = 4 is defined as
Here the overall factor is chosen so that the value of c h at a fixed point equals that of C given in (3.2). It follows from (3.18), (2.40) and (2.41) that
This relation was first derived in [26] , although we prove it when φ I is promoted to spacetime dependent couplings. The gradient flow nature becomes more manifest by rewriting the scalar β-function (2.36) as
The positivity of c h together with positive definiteness of L IJ guarantees that c h is indeed a monotonically decreasing function. c h L IJ is to be identified with a Zamolodchikov metric. For the purpose of relatingÃ ′ to c h , we take g IJ to the most general form:
where 
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A Notations
Let φ I be a charged scalar. We divide the index I into two parts: I = (i, α i ). For each i, the charged field transforms as a representation R i under the gauge group G. 
B Some Useful Formulae
The following formulae are useful and valid for any d:
3)
C Trace of stress tensor defined in [2] and its relation to that obtained from bulk gravity 
